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Static and Dynamic, Local and Global, Bifurcations in
Nonlinear Autonomous Structural Systems

A. N. Kounadis*
National Technical University of Athens, Athens 10682, Greece

Discrete damped or undamped gradient systems described by nonlinear autonomous ordinary differential
equations (ODE) of motion are examined in detail. Emphasis is given to the relationship between static with
possibly existing dynamic bifurcations. Criteria for dynamic bifurcations and stability of precritical, critical, and
postcritical states associated with the nature of Jacobian eigenvalues are also presented. Cases of discrepancies
between local and global dynamic analysis regarding the stability of equilibriums are reported for the first time.
Finally, using a simple energy criterion, exact dynamic buckling loads for vanishing but nonzero damping are
readily obtained.
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Nomenclature
= coefficients of the characteristic equation of the
Jacobian matrix, / = ! , . . . , «

= inverse of the positive definite matrix of the
kinetic energy, /, j = 1, . . . , n

- coefficients of linear viscous damping, / = 1, 2
= Rayleigh, non-negative definite, dissipation
matrix, /, j = 1, . . . , n

- total energy
= Rayleigh dissipation function
= kinetic energy
= concentrated masses, / = 1, 2
: vector with components Q/, being quadratic
forms in q, Q(Ql9 . . . , Qn)T

- vector with components Q* , being quadratic
forms in q, Q*(Qf, . . . , Q*n)T

= vector with components the generalized
displacements ?/,?(?!,..., qn)T

- generalized displacements at t = 0 and at the
critical state, respectively

= nonsymmetric and symmetric matrix,
respectively, /, j = 1 , . . . , «

= total potential energy, its first and second partial
derivative, / = ! , . . . ,«

= symmetric matrix of the second variation,
/, j = 1, . . . , n

-• nonlinear vector function with components
Yi9 Y(Yl9 . . . , Y2n)T

- Jacobian square matrix of order 2n, d Y/dy
- state vector with components yi,y(yi, . . .
- state vector at an equilibrium and a
nonequilibrium point, respectively

= vector with components yn + lf yn + 2, . . . , y2n

- step load of infinite duration and dynamic
buckling load for vanishing (nonzero) damping,
respectively

= dynamic buckling load of undamped and damped
system, respectively

= static limit point and bifurcational load,
respectively
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I. Introduction

IN this work attention is given to the application of certain
basic ideas and concepts of the theory of dynamical sys-

tems to nonlinear dynamic buckling and stability problems of
autonomous structural systems in a comprehensive but mathe-
matically rigorous way. In this analysis, extending previous
studies by Kounadis and Raftoyiannis1 and Kounadis,2 the
following definitions and clarifications have to be made.

We briefly repeat here that nonlinear dynamic buckling,
being associated with the criterion of Lagrange (boundedness
of solution), is defined as that state for which a small change
in the load produces an "unbounded" motion or more pre-
cisely a large change in the response. Then an escaped motion
is initiated either through a saddle point in the case of damped
systems or through a nonequilibrium point lying in the vicinity
of a saddle in case of undamped systems. The minimum
possible load corresponding to the aforementioned state is
defined as the dynamic buckling load.3'4

One should also clarify what is meant by dynamic bifurca-
tion. This type of bifurcation is defined as a sudden qualitative
change of the system response occurring at a certain value of
a smoothly varying control parameter. Emphasis is given to
both local and global bifurcations. The first bifurcations can
be studied by a local (linear) analysis with the aid of the
Jacobian matrix eigenvalues, whereas the second ones can be
explored only by a global (nonlinear) dynamic analysis.

The main objectives of this investigation dealing with au-
tonomous damped or undamped systems are the following:
1) to discuss the relation of the different types of simple or
distinct static bifurcations (asymmetric, stable and unstable
symmetric) emanating from a trivial prebuckling path with
corresponding, possibly existing, dynamic bifurcations occur-
ring at the same critical load; 2) to find out, in connection with
the previous types of static bifurcations, if there are cases in
which dynamic buckling or dynamic bifurcation occurs before
or after static buckling; and 3) to explore if there exist equi-
librium points that are unstable when a global (nonlinear)
analysis is employed but stable according to the local analysis
having Jacobian eigenvalues with negative real parts.

II. General Formulation
Consider a general «-degree-of-freedom discrete structural

system under a step loading of infinite duration A. The non-
linear autonomous ordinary differential equations (ODE) of
Lagrange governing its motion in terms of generalized dis-
placements #/ and generalized velocities qf(i = 1, . . . , n) are
given by

dt \dq dqf
= (1)
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where the dots denote differentiation with respect to time t\
K = 1A qT[oiij]q is the positive definite function of the total
kinetic energy with nondiagonal elements a// = a /Xtf i , . . . , qn)
and qT, being the transpose of the vector q with components <?/
(/ = 1, 2, . . . , «); V = F(#i, . . . , qn\ X) is the total potential
energy, being a linear function of the step loading X; and
F = Yz qT[Cij]q is the non-negative definite (viscous) dissipa-
tion function of Rayleigh with coefficients c// that might be
functions of #/[i.e., c// = c /Xtf i , . . . , Qn)]. The loading X is
considered as the control parameter for the occurrence of
static and dynamic bifurcation, as it was defined in Sec. I.
From the point of view of topology, dynamic bifurcations
correspond to those values of the control parameter X for
which the response of the dynamical system becomes struc-
turally unstable.5

The previous nonlinear system under the same loading ap-
plied statically is assumed to exhibit the three types of simple
bifurcations (i.e., stable and unstable symmetric and asym-
metric) emanating from a trivial prebuckling path that corre-
sponds to curves a, b, and c of Fig. 1. This can always be
realized by modifying properly the structural form of the
strain energy incorporated into V.

If the previous perfect system is initially (t0 = 0) at rest [i.e.,
<7/(^o = 0) = qt(tQ = 0) = 0, / = ! , . . . , «], we can write the
total energy E, valid at any time t >0, as follows:

E=K (2)

This equation can be used as a measure for checking the
accuracy of numerical solutions, particularly if they are ob-
tained after large time.

From the expression of the total kinetic energy
K = l/2qT[oiij]q we get

dK d dK
(3)

where [d//]# = Q is a column matrix with /th element given by

Qi = [tfl» • • • » Qn]

da/i da/2 Q da/»

da/i
dq2

da/i da/2
dqn dqn dqn

qn

(4)

Displacement
Fig. 1 Types of bifurcation points: a) stable symmetric; b) unstable
symmetric; and c) asymmetric.

where dotn/dqk = 0 (/, k = 1, 2, . . . , «), since the diagonal
terms of the matrix [a//], being only functions of masses, are
independent of qt(i = 1 , . . . ,« ) . One can also obtain

is given by

dg, 2 _dq,

where due to dan/dqk = 0 the matrix

da23 da24

dQt

0

Symmetric (6)

Using relations (4-6), one can determine the column matrix
Q* with /th element given by

(7)

where 5/ is a square nonsymmetric matrix equal to the differ-
ence of the square matrices associated with Qt [Eq. (4)] and
dK/dqt[Eq. (5)]. Writing S/ as the sum of a symmetric and a
skew symmetric matrix, we can always transform qTS{q into a
quadratic form; that is,

QTSfQ = QTS*Q9 (8)

Using Eqs. (3-8), we can write Eqs. (1) in matrix-vector form
as follows:

dV
— =0dq (9)

where dV/dq is a column matrix with /th element dV/dql
(/ = 1, . . . , « ) . Since [a/y] is always a positive definite matrix,
one can obtain

dV

where (10)
and

The set of n second-order Lagrange equations, Eqs. (10) can
be replaced by a set of 2n first-order Hamiltonian equations.
Setting

and (11)
yn+1 = # i» .)>/* + 2 = ^2> • • • > y?.n = ^«

Equations (10) can be written as follows6:

yi = y/(^i, - - - . ̂ ; X), i = i, 2 , . . . , 2n (12)
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where

= yn +1> Y2 = yn + 2» • • • > Yn -

yn + 1 = -

+ 2 =
n n n /) I/

= - H b2iyTSly - £ c2iyn + / - U b2i — (13)

with y being a vector with components yn + i9 yn + 2> • • • » yin -
Equations (12) can be written in matrix-vector form as

follows:

y=Y(y;\) (14)

where y = (Y\9 . . . , y2n)T is the state vector, being continu-
ously dependent on t and X; the nonlinear vector function
Y = (Yi9 . . . , Y2n)Tis assumed to satisfy the Lipschitz condi-
tions,7 at least in the domain of interest, for all t and X. This
implies that yf(t) (/ = ! , . . . ,« ) belongs to the class of func-
tions C2.

Setting the left-hand side of Eq. (14) equal to zero, one can
obtain the equilibrium states yE as follows:

Y(yE; X) = 0

whose equivalent form of Eqs. (13) yields

(15)

(16)

III. Local Bifurcations
Using a local analysis one can establish local static and dy-

namic bifurcations as well as discuss stability of equilibriums.

Static Bifurcations
Since the static bifurcations are associated with a trivial

fundamental equilibrium path, Eq. (15), as well as Eq. (16), is
satisfied by the zero solution y = 0. This is also true for Eq.
(14), regardless of the value of X; that is,

7(0; X) = 0 or F,(0; X) = 0 (17)

But the system also experiences another solution at the critical
state, X = Xc, which is different from zero, y 7* 0; that is, it
displays a static bifurcation associated with a postbuckling
equilibrium path. The prebuckling equilibrium path is stable
up to the critical value Xc (i.e., for X<XC), regardless of the
type of static bifurcation. This is assured when the second
variation of the total potential energy, 62K, is positive definite
or equivalently when the symmetric matrix [Vy] associated
with it is positive definite. At X = Xc the matrix [F//] becomes
positive semidefinite, because one of its eigenvalues vanishes.
Then the static critical loads are obtained by the buckling
equation

\Vij(0; X)l =0 (18)

Recall that the elements Vtj = d2V/dqtdqj(i, j = 1, 2, . . . , n)
of the matrix [Vy] are linear functions of X, and therefore the
determinant I F/7(0; X)l is an algebraic polynomial of nth
degree in X.

Dynamic Bifurcations
Dynamic bifurcations, in some cases, cannot be established

by a local analysis. Then a global analysis must be employed
(global bifurcations). For instance, dynamic bifurcations with
trajectories passing through saddle points or cases where

closed orbits become nonhyperbolic (at least one characteristic
multiplier has unit modulus) can be detected only by using a
global analysis.8 Such an analysis is also the only safe way for
exploring chaotic phenomena or chaoslike phenomena.9'11

For the gradient damped system under discussion, the case
of a limit cycle response is excluded. Hence, its response is
associated11 either with point attractors (sinks) or with point
repellers (sources) or saddles.

A local dynamic analysis is associated with the study of the
nature of the eigenvalues of the Jacobian matrix evaluated at
a singular (equilibrium) point yE or nonsingular (nonequi-
librium) point yR, whose stability we wish to discuss. As stated
earlier, yR is a dynamic nonequilibrium critical point through
which dynamic buckling occurs in case of multi-degree-of-
freedom undamped systems.2

For the stability of a point y°( = yE or yR) we can examine
the motion in its neighborhood. A Taylor's expansion of
Y(y';\) around y° yields

y = Yy(y°', \)y + higher order terms (19)

where Yy(y°-9 X) = dY(y°; \)/dy is the Jacobian matrix evalu-
ated at y°.

According to the Haztman-Gzobman theorem,11 the behav-
ior of the nonlinear system (14) near a hyperbolic equilibrium
point yE (i.e., a point in which none of the Jacobian eigenval-
ues has zero real part) is qualitatively determined by the be-
havior of the linear system y = Yy(yE\ X) y, where yE is
assumed to be located at the origin; otherwise it can be trans-
lated to the origin by setting y —y — yE.

Using relations (11-13), one can show that the previous
Jacobian matrix is a partitioning matrix composed from four
square submatrices of order «; that is,

0

dyl

In

tyn+l

"[-£<, (20)

where by 0 and In we denote the zero and the identity matrix
of order n x n, whereas due to Eqs. (13)

The characteristic equation of the Jacobian matrix (20)
evaluated at y° = yE is given by

\yy(yE; X) - ohn \ = Ip2/n + pp«l + [P</J' = °
The last equation is also equivalent to

lp2[«y]+p[cy] + [F,v]l=0 (23)

Expansion of the determinant (22) leads to the following char-
acteristic equation:

f(p) = p2" + alP
2"-' + «2p2"-2 + - + a2n.lP + a-* = 0 (24)

where

a2n =

(25)
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Then Eq. (18) is equivalent to

det7^(0; X) = 0 or I Yy(Q; X) I = 0 (26)

Nature of Eigenvalues
Dynamic bifurcations and stability of equilibriums can be

established by studying the nature of the Jacobian matrix
eigenvalues, being functions of the control parameter X. It is
widely accepted that the results of the local analysis are also
valid for the original nonlinear equations of motion (14),
provided that the case X = Xc is excluded. However, as will be
shown later, this is not always true.

As X increases from zero to its critical value Xc (i.e., for
0<X<XC) the term a^n of Eq. (24) remains positive since both
matrices \yu} and [a//] are positive definite. At X = Xc the
matrix [Vij] becomes positive semidefinite, and then Eq. (24)
yields p - 0; i.e., one Jacobian eigenvalue becomes zero. As is
known, p = 0 implies a dynamic bifurcation; hence the static
bifurcation at X = Xc is also a dynamic (local) bifurcation pro-
vided that dynamic buckling, associated with a global bifurca-
tion, does not take place before static buckling (i.e., for X<XC).

Regarding the stability of the precritical trivial states, one
can observe the following.

Let us first consider the case of zero damping; that is,
cu = 0 for /, j = 1, . . . , n. Then Eq. (23) becomes

(27)

Since [a//] is a positive definite matrix, there is always a
positive definite matrix [a//]1/2 for which {[a/y]1/2}2 = [a/,].
Then one can write

Premultiplying Eq. (32) by rTyields a second degree algebraic
equation in p from which we get

[Vu] = [a/y]1/2{ (28)

It is clear that the eigenvalues of matrix [ctij]~l[Vij] = l^/y],
resulting from Eq. (27), are also eigenvalues of the real sym-
metric matrix [a/y]~1/2 • [Vy] - [a//]~1/2, and vice versa. Since
the latter matrix is symmetric, the eigenvalues are real for
X<XC because [Vu] is a positive definite matrix.

If p2 is an eigenvalue of the Jacobian matrix with corre-
sponding (real) eigenvector r, then by virtue of relation (27),
one can write

This equation after premultiplication by rT yields

rlVrfr

(29)

(30)

Since both matrices [Vij] and [a/,] are positive definite, the
corresponding quadratic forms in Eq. (30) are positive defi-
nite. Hence all eigenvalues of the Jacobian for X< Xc are pairs
of purely imaginary roots of Eq. (24) from which all terms
with odd powers are missing.

Let pi(i = ! , . . . ,« ) be the eigenvalues of the matrix [Vu]
resulting from equation \pln - [Vu] I = 0. Then the Jacobian
eigenvalues py (y = 1,. . ., 2«) are related to the eigenvalues
of the matrix [V^] through the formula

Pj = (p/>0 for all / = 1,. . ., n) (31)

where y = 1, 2, . . . , 2n and / = V- 1.
The local solution, associated with pairs of purely imagi-

nary eigenvalues, shows that the undamped system undergoes
nonlinear bounded oscillations with closed trajectories around
the origin that is a center. This means that all precritical trivial
states yE = 0 are stable. Whether this result is valid when a
nonlinear dynamic analysis is employed will be discussed later.

When damping is included instead of Eq. (29), we have

-rT[Cij]r±<

= 0 (32)

Since the quadratic forms rT[Vfj]r (for X<XC) and rr[a/y-]r are
positive definite, whereas rT[Cjj]r is non-negative definite,
both roots of Eq. (33) for I c/y-1 5* 0 are, in general, negative. If
p is not real, rT should be replaced by its complex conjugate
rT. In case of structural (i.e., small) damping, the quantity
under the radical is negative, and therefore Eq. (33) has a pair
of complex conjugate roots with negative real part.

When all Jacobian eigenvalues have negative real parts, all
trivial precritical states, yE = 0, are asymptotically stable; then
the motion of the damped system converges toward the trivial
state.

IV. Global Analysis
The important question that now arises is whether the ear-

lier results of local analysis regarding dynamic bifurcations
and stability of precritical, critical, and postcritical trivial
states yE = 0, are also valid when a nonlinear (global) dynamic
analysis is employed. Namely, are there cases where dynamic
buckling occurs before or after static buckling? In the sequel
an attempt is made to explain theoretically these phenomena
by extending previous ideas valid for limit point systems2'9 to
the case of unstable bifurcational perfect systems due to either
an unstable symmetric or an asymmetric branching point lying
on a trivial fundamental path. However, before answering this
question a theoretical explanation of the mechanism of dy-
namic buckling will be given next.

Mechanism of Dynamic Buckling
The perfect bifurcational system, after introducing a small

imperfection, becomes a limit point system with correspond-
ing load \s<\c, where Xc is the static bifurcational load of the
perfect system.

The previous limit point system under step loading of in-
finite duration exhibits dynamic buckling at a load \D or \DD
(when damping is included) having as upper bound the load X5
and as a lower bound the load Xp for which the total potential
energy V vanishes at a saddle point of the unstable postbuck-
ling path; that is,2

For \<\DD the system exhibits a point attractor response.
The precritical trivial equilibrium states, which are asymptoti-
cally stable, capture the motion that for r —oo converges to-
ward them. Each stable equilibrium point has its own basin of
attraction; any motion originating in it leads after the decay of
transients as t-+oo to the corresponding stable equilibrium
point. On the contrary, the equilibrium points of the post-
buckling path are saddle points that in one or more directions
act as repellors, whereas in the remaining directions as point
attractors. The second variation d2V evaluated at a saddle
point is indefinite, which, due to Eqs. (24) and (25), leads to
the conclusion that at least one pair of the Jacobian eigenval-
ues has positive real part. Each saddle point is associated with
invariant smooth inset (stable) and outset (unstable) manifolds
asymptotic to it. The inset manifold acts as attractor capturing
the motion, whereas the outset manifold acts as repellor send-
ing away the motion (dynamic buckling). The inset manifold is
identified as the set of trajectories asymptotic to a saddle as
f —>oo, whereas the outset is the set of trajectories asymptotic
to a saddle as t — - oo. The inset and outset smooth manifolds
are approximated by straight lines in two dimensions, whereas
in higher dimensions they may be curves, smooth surfaces, or
hypersur faces.

Consider now at each level of the loading X the basin of
attraction of the corresponding stable equilibrium point as
well as the invariant inset and outset manifolds corresponding
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to the same loading saddle2'9 (see Fig. 2). As X increases from
zero, there is an overall tendency of the boundary of the basin
of attraction of the corresponding stable equilibrium point yE

to approach the unstable postbuckling path. At a certain value
of X there corresponds a stable equilibrium point with a basin
of attraction whose boundary touches the inset and outset
manifolds corresponding to the same loading saddle. Then the
motion is captured by the inset (stable) manifold, and when it
reaches the saddle, it escapes through its outset (unstable)
manifold. Thus, the saddle is the threshold through which
dynamic buckling takes place. The corresponding to that state
loading is defined as the dynamic buckling load \DD that
according to inequality (34) has as lower bound the load \D for
which the total potential energy V vanishes at a saddle of the
postbuckling path. Indeed, given that dynamic buckling takes
place through a saddle point, the kinetic energy K at that
instant becomes zero. Then, Eq. (2) yields

V(q\ X) = -2^Fdt = - \[qT[Cij]q dt' <0

In case of structural (small) damping, the condition

along with the equilibrium equations

= o

(35)

(36)

(37)

yield [due to Eq. (35)] a lower bound dynamic buckling esti-
mate 1(D provided that the solution (qD, %.D) renders d2V indef-
inite. Note that \D approaches the accurate dynamic buckling
load \DD as damping decreases, excluding the case of zero
damping. For vanishing but nonzero damping, [c/y] -*0, condi-
tions (36) and (37) yield

\D-^DD (38)

This is a new finding very important for structural design
purposes. For zero damping of systems with more than one
degree of freedom, Eqs. (36) and (37) yield \D, which is a
lower bound2 of \D.

A typical explanatory sketch of such a mechanism for an
imperfect two-degree-of-freedom damped system is shown in
Fig. 2. Note that the inset and outset manifolds of the saddle
D through which dynamic buckling occurs are approximated
by straight lines tangent to the boundary of the basin of
attraction of the equilibrium point with X = \DD.

Subsequently, we will extend the previous dynamic buckling
mechanism to the case of bifurcational perfect systems associ-
ated either with symmetric or asymmetric branching points.

When the imperfection parameter tends to zero (perfect sys-
tem), then \s^\c and the total potential energy evaluated at
the postbuckling path tends also to zero; that is, K(0; X)-*0,
and therefore it is reasonable to expect X^—>XC , which should
lead to

-* X.s -* Xc (39)

It will also be sought whether dynamic buckling may occur
before or after static buckling.

The aforementioned questions will be discussed by analyz-
ing simple autonomous systems of one and two degrees of
freedom.

One-Degree-of-Freedom Systems
If such an undamped system exhibits an unstable branching

point lying on a trivial fundamental path, Eq. (9) due to
Qi = 0 becomes

dV
(40)

where V = V(q\, X) is a nonlinear function of q\ and linear
function of X.

If a small initial geometric imperfection q® is introduced,
the system under static load loses its stability via a limit point
with \s<\c. If the last system is subjected to a step loading of
infinite duration, an "unbounded" motion leading to dynamic
buckling occurs when the total potential energy V(q\> X; qf)
vanishes at a saddle of the unstable postbuckling path.2'4 The
dynamic buckling load X^ and the respective dynamic dis-
placement <?f are obtained by solving the system of equations

—— ^ =
dq\

d2V
with^

From the first of Eqs. (41) one can establish

(41)

1°) (42)

which upon introducing it to V(q\, X; q®) = 0, yields the identity

q f t m Q (43)

Differentiation of this equation due to the second of Eqs. (41)
leads to

(44)

(Boundary of basin
Iof attraction

X
-Uns table branching point
-Limit point
-JPost buckling equil.path

^cutset manifold

Inset manifold

Fig. 2 Boundaries of basins of attraction of stable equilibrium
points and the inset and outset manifolds of a saddle D.

Differentiating the identity (43) twice, and using Eq. (44), we
get

dV d 2 X_ d2K
dX dq2 dq2 (45)

Note that dK/dX<0, as being equal to the minus of displace-
ment. Then inserting the solution (qf, \D) into the right-hand
side of Eq. (45) yields

(46)

From Eqs. (44) and (46) it is deduced that the point (#f, \D)
is a maximum in the curve X vs q\ [see Eq. (42)]. Hence, Eqs.
(44) and (46) constitute sufficient conditions for dynamic buck-
ling of undamped one-degree-of-freedom imperfect systems.

We can now discuss the validity of these conditions in the
case of bifurcational perfect systems associated with a branch-
ing point: 1) unstable symmetric and 2) asymmetric. Indeed, in
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This inequality implies

/ / 30^-A
/ / V*o (

/ /.
/ /

s / i
-2* / -0.84

/

/

I1
\

61=2
o

c =0-4
\\ /^^\

o \ \ /""$?* — t — >
\ J/̂ " 2 \

\
Y

Fig. 3 Static equilibrium path (d V/dQ = 0), and dynamic curve X vs
0(F = 0) of a quadratic, one-degree-of-freedom, undamped model
(61 = 2, 71 = 0).

case 1 the point (yE = 0, X = Xc) satisfies conditions (41) or
equivalently conditions (44) and (46); then #f = 0 and
\D = Xc. However, in case 2 the point (yE = 0, X = Xc) is not
a maximum in the curve X vs ̂ . The maximum of this curve,
if it exists, leading to dynamic buckling, is a saddle point (gf,
\D) lying above the branching point (i.e., \D>\C), which is
obtained through the solution of Eqs. (41).

The foregoing findings are supplemented by two numerical
examples.

Consider an undamped perfect one-mass model of a simply
supported beam1 under step loading of infinite duration.
Equation (40) becomes

(47)

where

= \ sin29 - ̂  sin39 - — sin49
2 3 4

- —( l -cos9) for l9 l<7r /2 (48)

and where Xc is the static bifurcational buckling load, whereas
61 and 71 are dimensionless nonlinear stiffness coefficients.
This system under statically applied load exhibits an asymmet-
ric branching point if di^ 0 and 7! = 0, while if di = 0 and
71 ?* 0 it exhibits a symmetric branching point.

For the case 6^ 0 and 7! = 0, Eqs. (41), after some elabo-
ration, for 9 5* 0, are written as follows:

X 2 0 , i^ = cos 2 -^ l - 3

r- = cos 9(1 - 6isin 9)
Xc

(49)

From these equations, after some manipulation, we get

-
**

(50)

For 61 >0 and 191 <*/2 (implying cos 9>0), the second of
Eqs. (49) for X/XC >0 yields 6isin 9< 1 or due to Eq. (50)

1>;
tan(9/2) sin 9 __________
- (4/3) cos2(9/2)] ~ 1 - (4/3) cos2(9/2)

sin2(9/2)
(51)

2 9 3
cos2 — > -2 4 (52)

Equation (50) due to inequality (52) yields 0<0, which due to
inequality (52) implies 9^ > - ir/3.

If di = 2 and 71 = 0 (quadratic model), we find QD = - 0.84
and \D/\C = 1.661 due to which Eq. (48) yields V = 6.
4 x 10~9 = 0. A graphical representation of this case is shown
in Fig. 3.

These analytically obtained results are verified by solving
numerically Eq. (47) subject to initial conditions: 9(0) =
9(0)^0 [i.e., 9(0) = -lO'12].

From Fig. 4 one can see three phase-plane portraits corre-
sponding to X/XC < 1, K X/XC < X^/XC, and X/XC >\D/\C. It
is worth observing that the static bifurcation coincides with
the dynamic bifurcation (qualitative change of the response);
however, at X/XC = 1 and 9<0 the system is statically stable
up to X5/XC = 1.752 but dynamically globally stable only up to
\D/XC = 1.661 <\s/\c = 1.752. This important finding re-
ported for the first time in the technical literature is also valid
when damping is included. To this end one should add to Eq,
(47) c9 cos29. The first integral of the resulting equation for
a system initially at rest (t = 0) gives by means of Eq. (2) the
total energy E

E = + c ̂ 92cos29 df ' + V = 0 (53)

Since dynamic buckling occurs through a saddle point, Eq.
(53) leads to the following condition:

(54)

Equation (54) for c-*0 implies V = 0 that according to Eq.
(41) yields the dynamic buckling load \D for vanishing but
nonzero damping. If .c = 0.01, we find QDD = -0.837 and
^DD/\ - 1.664. The dynamic critical point lying slightly above
the corresponding critical point (9 ,̂ = -0.84, \D/\C = 1.661)
of the undamped system is, as expected, a saddle point associ-

\/\c=0.90<l

(rac)

.3.0

-8.0 -4.0

\mbounded motion

c)

0 4.0 8.0 8

(rad)
-3.0

Fig. 4 Three phase-plane portraits a), b), and c) corresponding to
three levels of the loading X/XC for $1 = 2, 71 = 0 and c = 0.
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ated with one positive and one negative Jacobian eigenvalue
since at such a point 52V = c?2F/d92<0. From Fig. 5 we can
see two phase-plane portraits before and after dynamic buck-
ling, respectively.

The importance of this finding lies in the following fact:
although for \/\c<\DD/\c = 1.664 the motion converges to-
ward the corresponding stable equilibrium points, this does
not happen for higher loads. Indeed, for X/XC> 1.664, the
system buckles dynamically despite the fact that all equi-
librium points on the primary path up to the limit point load
\s/\c = 1.752 are stable, as being associated with eigenvalues
having negative real parts. Hence, although the local analysis
yields stability, the global one reveals dynamic buckling.

For the case di = 0 and 71 = 0.5 (cubic model) Eqs. (41),
after some elaboration, for 0 ^ 0 or 9 ^ TT, lead to

(55)
— = cos 9(1 - 7isin29)

From these equations, after some manipulation, we get either
9 = 0 (since 9 = 2ir is excluded) or

* , *cos4 — - - cos2 — + — = 0
2 3 2 67l

(56)

The only acceptable solution of Eq. (56) is 9 = 0; therefore,
9^ = 0 and \r>/\c = 1. This solution, which satisfies condi-
tions (44) and (46), is shown graphically in Fig. 6. This result
can also be verified by numerical integration of the corre-
sponding equation of motion.

The inclusion of damping does not change the previous
solution. Hence, regardless of whether or not damping is
included, the static unstable bifurcation (0, 1) for which
64F(0, 1) = -3(1 + 27)694 = -6696<0 is also a dynamic un-
stable bifurcation associated with one negative and one posi-
tive eigenvalue. Note that the point (0, 1) is stable for 7< - Vi
and unstable for 7 > - l/2.

0 .2
X/XC-1-S6 <XD D / \ c=1.664

0 .
0 .2 6

(rac)

a)
Ecuil.Boint

Fig. 6 Static equilibrium path (dF/dO = 0) and dynamic curve A vs
0 (F = 0) of a cubic, one-degree-of-freedom, undamped model
(5i = 0, 71 = 0.5, c = 0).

Fig. 7 Ziegler's two-degree-of-freedom model under step loading.

Two-Degree-of-Freedom Systems
Consider a two-degree-of-freedom system that under stati-

cally applied load exhibits an unstable branching point on a
trivial fundamental path. One can readily write Eq. (10) for
/ = 1, 2 where

Dy-L.Htickling due to
extresely large cis-

X/X

^ 6

(rac)

b)

Fig. 5 Two phase-plane portraits for di = 2, 71 = 0 and c = 0.01: a)
before dynamic buckling (X/XC = 1.66) and b) after dynamic buckling
(A/Ac = 1.665).

because

0

2 dq\ dq2

Setting according to Eq. (11)

2 dq2

1 day
~2dq2

0
(57)

(58)

Equations (10) by virtue of relations (58) are written as follows:

yt = Yt(yl9 y2, y3, yt X), i = 1, 2, 3, 4 (59)
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where

dv
(60)

4 ^q2
- c22y4

h 3V k dV
~ 021 —— - &22 ——

where &/y and c/y are elements of the matrices given in Eq. (10).
Equations (36) and (37) for [c/y]-0 yield the following equa-
tions in X, #1 and q2:

02, X) = —— (ql9 q2, X) = —— 2, X) = 0 (61)

The smallest load obtained through Eqs. (61), which renders
the second variation 62F indefinite, is the dynamic buckling
load \D for vanishing but nonzero damping. This load satisfies
inequality (34).

Consider, as an illustrative example, the Ziegler two-degree-
of-freedom model shown in Fig. 7. If one sets ql = fsin GI and
q2 = £ (sin GI + sin G2), Eqs. (1), in dimensionless form, in
terms of GI and G2 are2

G2cos(6i - G2)

dV
l - c2G2 + — - = 0

- G2)

G2

c2G2 -

- G2) -

dV

i - G2)
(62)

= 0

where Ci and c2 are linear viscous coefficients of the two
springs, respectively; m = ml/m2 is the mass ratio of the two
concentrated masses, whereas

- = 2G!-G2 - G2)2

72(61 - G2)3 - X sin G! = 0 (63)

Limit point

Saddle point Bifurcation point

Fig. 8 Equilibrium path (dV/dQi = 3V/dQ2 = 0) and X = X(9i, 62)
(V = 0) for a quadratic (61 = 1, 52 = -10.1, 71 = 72 = 0) two degree-
of-freedom undamped (ci = c2 = 0) system.

X a Q . 3 8 6 8 < A,

- • - 0 . 001

A.sQ.3870 >\D

-0.06 -0.02

.buckling
(unbounded motion)

b)
Fig. 9 Two phase-plane portraits a) before and b) after dynamic
buckling of a quadratic (61 = 1, 62 = -10.1, 71 = 72 = 0) two-degree-
of-freedom system with c/y^O.

dv
—— = - G! + G2 + 62(6! - G2)2 - T2(G! - G2)3 - X sin G2 = 0

For \dl I + I62I * 0 [excluding ^ + 62(1 - Xc)3 = 0] and 7! =
72 = 0 (quadratic model) the system under static load exhibits
an asymmetric branching point, whereas for 1 7! I + IT2| ^ 0
and 61 = 62 = 0 (cubic model) it exhibits a symmetric branch-
ing point whose stability depends on 7! and 72.

The matrices [au]9 [c/7], and [F/7] (with i, j = 1, 2) evaluated
at the trivial state yE = 0 for m - 2 are equal to

_
(64)

The characteristic equation of the Jacobian matrix is given by

where

= K [(1 -

- dip6 + a2p2 + a

+ 6c2), a2 =

t + (l-2X)c2],

(65)

+ 7 - 4X)

a4= i /2(X2-3X+l)
(66)

Since 62F at the critical state (G! = G2 = 0, X = Xc) becomes
positive semidefinite, due to Eq. (64), we can write

-1 dQ2
(67)

which for a non-trivial solution yields Xc = 0.5(3 - V5) =
0.381966.

Taking also into account that 6G2/5G! = 2 - Xc = (1 - X c)~ l ,
one can establish for 7l = T2 = 6i = 0 and 82 = - 10.1 the fol-
lowing relationship:

63F(0, 0, Xc) = [2(6! - 62) + 662(2 - Xc) - 662(2 - Xc)2

+ 262(2 - Xc)3] • 6G3 = - 2.776G3! ̂  0 (68)

Namely, the critical state (Gi = G2 = 0, X = Xc) is associated
with an asymmetric branching point.

If there is no damping (Cl = c2 = 0), Eqs. (65) and (66) yield
ai = 03 = 0. At the critical state (a4 = 0), the Jacobian has one
double zero eigenvalue and a pair of pure imaginary roots,
±V*2= ± 1.654/. For Xc<X<0.5 (3 + VJ), clearly g4<0. Then
there is one positive eigenvalue equal to [0.5( - a2 + Va| - 4a4)]1/2;
hence the trivial state G! = G2 = 0 is unstable.
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If damping is included (e.g., c\ = c2 = 0.01), one can readily
show that Eq. (65), evaluated at the critical state, has one zero
and one negative eigenvalue as well as a pair of complex conju-
gate eigenvalues with negative real part. If Eq. (65) is evalu-
ated at the trivial state BI = G2 = 0 for Xc<X<0.5-(3 + V5),
then 04<0. Since a\9 a2> and #3 >0 and tf4<0, according to the
theory of algebraic equations, Eq. (65) has at least one positive
eigenvalue, and hence the trivial state is unstable. Using a local
dynamic analysis, one can also prove that all equilibrium
points of the prebuckling path up to the limit point load
X5 = 0.3874 are stable. However, as shown next, this is not
true when a nonlinear (global) dynamic analysis is employed.
Indeed, the system under step loading of infinite duration
may exhibit dynamic buckling for BI and 92<0 at a load
X C <X<X 5 = 0.3874. The dynamic buckling load \D for van-
ishing but nonzero damping, if such a load exists, is obtained
by solving the corresponding to Eqs. (61) system of equations
with respect to 9i, 92, and X from which we get

O.S218<XD D=O.S219

\D = 0.3869 <X 5 = 0.3874

9f = -0.049, 9? = -0.0715
(69)

A graphical representation of the nonlinear equilibrium path X
vs 9i and 92 in the load-displacement space is shown in Fig. 8.

Solution (69) is verified with the aid of numerical integra-
tion of Eqs. (62) for c\ - c2-~0 subject to the initial conditions
Oi(0) = 92(0) = 9i(0) = 0 and 92 = - 10~12. In Fig. 9 one can
see a phase-plane portrait: 1) before dynamic buckling for
X = 0.3868<0.3869 where the motion converges toward the
corresponding stable equilibrium point, and 2) a phase-plane
portrait for a load X = 0.3870 slightly higher than \D. Hence,
dynamic buckling occurs despite the fact that the primary
equilibrium path up to X5 = 0.3874 is stable according to the
local dynamic analysis. The explanation of such a contradic-
tion between global and local dynamic analysis was given
earlier in the subsection about the mechanism of dynamic
buckling.

Consider now the case b\ - d2 = 0 and \yi\ + 1721 **Q (cu-
bic model). The system under static loading exhibits a symmet-
ric branching point at Xc = 0.381966 and 9i = 92 = 0. The
equilibrium path is symmetric with respect to the vertical

C5 , O C

L i m i t D c i n t S a d d l e p o i n t

-0.4 . -0.2 0.4

b)
Fig. 10 Three equilibrium paths of a cubic (61 = 62 = 0) two-degree-
of-freedom system for: a) 71 = -10, 72 = -10.6, and 71 = 72 = 1, and
b) 71 = 250 and 72 =-10.6.

Stable
equil. point

0.01* A=O.S3>\DD=0.5219

b)
Dyn. Buckling

(•"Unbounded" mot ion)
Detail A

Fig. 11 Phase-plane portraits a) before and b) after dynamic buck-
ling of a cubic (71 = 250, 72 = -10.6) two-degree-of-freedom system
withcy—0.

loading axis. Depending on the values of 71 and 72, there are
three characteristic cases of static equilibrium paths. The first
two are shown in Fig. lOa, and the third one in Fig. lOb. In the
first case (71 = - 10, 72 = - 10.6), the critical point is an un-
stable symmetric bifurcation point. The total potential V van-
ishes only at this point. Hence, the static bifurcation is also a
dynamic bifurcation. The results of the local stability analysis
coincide with those of the global analysis. In the second case
(TI = 72 = 1)» the system under static loading exhibits a contin-
uously rising (i.e., stable) equilibrium path, and therefore,
under step loading of infinite duration, it experiences a point
attractor response.

In the third case (7! = 250, 72 = -10.6), the system under
static loading exhibits a stable symmetric bifurcation point at
Ac = 0.381966 and thereafter a limit point at \s = 0.5527. The
total potential energy V vanishes at the saddle point (61 = 0.069,
92 = 0.225, X = 0.5219). Hence, the system under step load of
infinite duration exhibits a dynamic global bifurcation at
\D = 0.5219, being the dynamic buckling load for vanishing
but nonzero damping. However, according to the local dy-
namic analysis all prebuckling equilibriums for AD <X<XS are
stable associated with complex conjugate Jacobian eigenval-
ues having negative real parts. Figure 11 shows two phase-
plane portraits, before and after dynamic buckling.

V. Conclusions
The most important findings of this investigation are the

following:
1) Treating analytically Lagrange's equations of motion, in

their most general form, it is found that the Jacobian matrix
is a block matrix composed of four square submatrices prop-
erly identified.

2) Dynamic bifurcations and stability of equilibriums in the
precritical, critical, and postcritical state are analytically ex-
plored by studying the effect of the loading on the nature of
the corresponding Jacobian eigenvalues.

3) A relationship between the different types of distinct
static bifurcations points (asymmetric, stable and unstable
symmetric) with corresponding, possibly existing, dynamic
local bifurcations is established.

4) Using the concepts of the basin of attraction of a stable
equilibrium point and of the inset and outset manifolds of a
saddle, the mechanism of dynamic buckling is theoretically
discussed. This refers to general systems that under static
loading exhibit either a limit point instability or a bifurca-
tional instability associated with all types of distinct branching
points emanating from a trivial fundamental path.
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5) Using these concepts, the total potential function and the
total energy equation, one can find for the case of vanishing
but nonzero damping the saddle point through which occurs
an escaped motion leading to dynamic buckling and the exact
dynamic buckling load.

6) Perfect bifurcational systems, regardless of the type of
their branching point, cannot buckle dynamically at a load less
than the static bifurcational load. Hence, the local dynamic
analysis gives the same results as those of the global dynamic
one.

7) Discrepancies between local and global dynamic analyses
may occur in the case of unstable or stable symmetric bifurca-
tional systems that experience a postbifurcational limit point
instability. Then stable equilibriums prior to the limit point
are found to be globally unstable associated with dynamic
buckling.

8) Although static bifurcations can also be dynamic local
bifurcations, the contrary is not true. Indeed, in the case of
limit point instability, dynamic buckling occurs before static
buckling.
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